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Abstract 

Closed strings spinning in AdS^ xS 3 x T 4 with mixed R-R and NS-NS three-form fluxes 
are described by a deformation of the one-dimensional Neumann-Rosochatius integrable 
system. In this article we find general solutions to this system that can be expressed 
in terms of elliptic functions. We consider closed strings rotating either in S 3 with two 
different angular momenta or in AdS% with one spin. In order to find the solutions we will 
need to extend the Uhlenbeck integrals of motion of the Neumann-Rosochatius system to 
include the contribution from the flux. In the limit of pure NS-NS flux, where the problem 
can be described by a supersymmetric WZW model, we find exact expressions for the 
classical energy in terms of the spin and the angular momenta of the spinning string. 


1 Introduction 


The AdS 3 /CFT 2 correspondence relates string theory backgrounds containing an AdS 3 
factor and two-dimensional conformal field theories with maximal supersymmetry. As in 
other examples of the AdS/CFT correspondence, an integrable structure is also present in 
the case of AdS 3 /CFT 2 . The first explicit proof that integrability was a symmetry of the 
AdS 3 /CFT 2 correspondence came from the observation that the Green-Schwarz action of 
type IIB string theory with R-R three-form flux compactihed on AdS 3 x S 3 x M 4 , with 
M 4 taken as either T 4 or S' 3 x S' 1 , is a classically integrable theory [I], This discovery lead 
immediately to an exhaustive analysis of various aspects of the AdS 3 /CFT 2 correspondence 
using techniques inherited from other integrable systems 0-lH (see reference HU for a 
comprehensive review). It was later on proved that integrability also remains a symmetry 
of more general string backgrounds including a mixture of R-R and NS-NS three-form 
fluxes [IS]. This result has been responsible for all the recent insight in the understanding 
of type IIB string theory on AdS 3 x S 3 x T 4 with mixed fluxes [13]- [25]. 

Whenever integrability is present in a system, it shows up in many different facets. 
In the case of the AdSs/CFT 4 correspondence an appealing approach to the search for 
the spectra of the theory came from the identification of the lagrangian describing closed 
strings rotating in AdS§ x S 5 with the Neumann-Rosochatius integrable system [23]. The 
Neumann-Rosochatius system is an integrable model describing an oscillator on a sphere 
or a hyperboloid with a centrifugal potential term. In reference [25] it was shown that 
the presence of non-vanishing NS-NS three-form flux introduces a deformation in the la¬ 
grangian of the Neumann-Rosochatius system. Integrability of the deformed system pro¬ 
vides a systematic method to construct general solutions corresponding to closed string 
configurations rotating in AdS 3 x S' 3 x T 4 with mixed R-R and NS-NS fluxes. The most 
immediate class of solutions that can be obtained in this way are the closed strings with 
constant radii found in [25] (string solutions with mixed fluxes were studied before using 
diverse approaches in references [S]-[IB])- The purpose of this article is to exploit the 
flux-deformed Neumann-Rosochatius system to construct more general solutions. 

The plan of the article is the following. In section 2 we will present the problem by 
considering an ansatz for a closed string rotating with two different angular momenta in S 3 
with NS-NS three-form flux. The resulting lagrangian is the Neumann-Rosochatius system 
with an additional contribution coming from the non-vanishing flux term. We will find 
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the deformation introduced by the flux term in the Uhlenbeck integrals of motion of the 
system. In section 3 we will construct a general class of solutions with non-constant radii 
that can be expressed in terms of Jacobian elliptic functions. In the limit of pure NS-NS 
flux the problem can be described by a supersymmetric WZW model. In this limit the 
elliptic solutions reduce to trigonometric functions and we can find compact expressions for 
the classical energy of the rotating strings in terms of the angular momenta. In section 4 
we extend the analysis to the case where the string is rotating in AdS 3 . We conclude in 
section 5 with several remarks and some discussion on our results. We include an appendix 
where in the limit of pure NS-NS flux we solve the general case where the string is allowed 
to rotate both in AdS 3 and S 3 . 

2 The Neumann-Rosochatius system with mixed flux 

In this article we will analyze the motion of closed strings rotating in AdS 3 x S 3 x T 4 with 
non-vanishing NS-NS three-form flux. We will consider no dynamics along the torus, and 
thus the background metric will be 

ds 2 = — cosh 2 pdf 2 + dp 2 + sinh 2 p dcj) 2 + dO 2 + sin 2 6d(p 2 + cos 2 9d(j>l , ( 2 . 1 ) 

and the NS-NS B-held will be 

b t <t> = Q sinh 2 p , b 4nci>2 = -q cos 2 6 , ( 2 . 2 ) 

where 0 < q < 1. The limit q = 0 corresponds to the case of pure R-R flux, while setting 
q = 1 we are left with pure NS-NS flux. In the case of pure R-R flux the sigma model for 
closed strings rotating in AdS 3 x S 3 can be reduced to the Neumann-Rosochatius integrable 
system [21]. The presence of NS-NS flux introduces an additional term in the Lagrangian 
of the Neumann-Rosochatius system [25]. I 11 order to exhibit this it is convenient to use 
the embedding coordinates of AdS 3 and S 3 , which are related to the global angles by 

Yj + iY 2 = sinh p eX , Y 3 + iY 0 = cosh pe lt , (2.3) 

X, + iX 2 = sin 9 e l<h , X 3 + iX 4 = cos 9 e ^ 2 . (2.4) 

For simplicity in this section and section 3 we will restrict the motion of the strings to 
rotation on S 3 . The extension to strings spinning in AdS 3 will be considered in section 4. 
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We will thus take Y 3 + iY 0 = e lw ° T and Y\ — Y 2 — 0, together with an ansatz for a closed 
string rotating with two different angular momenta along S 3 , 

X ! + iX 2 = n (a) e^ l(T ’ ff) , X 3 + iX 4 = r 2 (a) e^ (T ^ . (2.5) 

The angles are chosen as 


<Pi(r,a) = 0JiT + oti(cr) , 

and the condition that the solutions lie on a three-sphere implies that 


( 2 , 6 ) 


r l + r 2 = 1 • 


(2.7) 


When we enter this ansatz in the world-sheet action in the conformal gauge we find 


L S 3 = 


Vx 


A 


2vr L 


9 + r i («i) 2 - n 2 ^ 2 ] - ir( r i + r-2 - 1) + (wiaa - u 2 a[) , (2.8) 


2=1 

where the prime stands for derivatives with respect to a and A is a Lagrange multiplier. 
The equations of motion for the radial coordinates following from (12. 8ft are 


r'[ = —riu>l + ria'i — Ari , (2.9) 

r 2 = -t 2 uj 2 + r 2 a 2 - Ar 2 + 2qr 2 {u:ioi' 2 - u 2 a\) . (2.10) 


The equations for the angles can be easily integrated once, 

_ Vj + gritty, 

where Vi are some integration constants and we have chosen e± 2 
must be accompanied by the Virasoro constraints which read 

£ [A + ^(<7 + of)] = wl , 

2—1 

2 2 

r 2 i Uiol i = = 0 . 

2 — 1 2—1 

Furthermore dealing with closed string solutions requires 


( 2 . 11 ) 


+1. These equations 


( 2 . 12 ) 

(2.13) 


r*(cr + 27 t) = rj(cr) , cq(cr + 27 t) = cq(cr) + 27rmj , (2-14) 
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where m, are integer numbers that behave as winding numbers. The energy and the two 
angular momenta of the string are given by 

E — V\ w 0 , 


Ji = V\[ Jr- ( r i^i - Q r 2 a 2) , 


To — V'A 


-2 IT 


2n 

da 

2tt 


{ r 2 UJ 2 + Q r 2 a 'l) 


(2.15) 

(2.16) 

(2.17) 


Before concluding our presentation of the flux-deformed Neumann-Rosochatius La- 
grangian we must note that there is a gauge freedom in the choice of the NS-NS two- 
form (12.21) . As a consequence of this ambiguity the flux term in (12.81) could have been 


written in the form g[(2 — c)r| — cr^]/2, where c is an arbitrary parameter. This param¬ 
eter does not affect the equations of motion, but it contributes as a total derivative to 
the angular momenta and thus it could show up if non-trivial boundary conditions were 
imposed. 0 However for the spinning string solutions that we will consider in this article 
the c-term plays no role because it can be absorbed in a redefinition of the Vj integration 
constants and a shift of the angular momenta. 


2.1 Integrals of motion 

The integrability of the Neumann-Rosochatius system follows from the existence of a set 
of integrals of motion in involution, the Uhlcnbeck constants. The Uhlenbeck constants 
were first found in [26J for the case cq = constant and were extended to general values of 
cq in [21] • In the case of a closed string rotating in S 3 there are two integrals I\ and / 2 , 
but as they must satisfy the constraint R + J 2 = 1 we are left with a single independent 
constant, 


h = r{ + 


1 


UJ T 


U. 


2 L 


(nr2 - nnr + Vn + Vi( 


(2.18) 


Furthermore the Hamiltonian of the Neumann-Rosochatius system, 


H = Vi + V a i + W] , 

1=1 


(2.19) 


can be written in terms of the Uhlcnbeck constants and the integrals of motion ly, 




( 2 . 20 ) 


2=1 


Ree reference [14l for a detailed discussion on this point concerning the dyonic giant rnagnon solutions. 
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When the NS-NS three-form is turned on the Uhlcnbeck constants should be deformed in 
some way. In order to find this deformation we will assume that the extended constant 
can be written as 


h = r 'i + 2 1 2 ( r i r 2 - r i r 2) 2 + l \ r l + -yH + 2 / , ( 2 - 21 ) 

^i - [ r l r 2 J 

where / = f(ri,r 2: q), with no dependence on r[ or r 2 . This function can be determined 
if we impose that I[ = 0. After some immediate algebra we find that 

(q 2 oo 2 + 2qu 2 Vi)r[ 


f + 


+ q 2 (u\-ujl)r l r' l = 0 , 


where we have used the constraint (12.711 together with 

r x r\ + r 2 r' 2 = 0 , rpr" + (r^) 2 + r 2 r 2 + ( r 2 ) 2 = 0 , 


( 2 . 22 ) 


(2.23) 


and the equations of motion (j2.9j) . (12.1011 and (12.1111 . As all three terms in relation (j2.22j) 
are total derivatives, integration is immediate and we readily conclude that the deformation 
of the Uhlcnbeck constant is given by 


h = r?( 1 - q 2 ) + 


UT — 


(nr 2 - r[r 2 ) 2 + 


(ui + quj 2 y 


2 „2 


Zi i A £ 

r 2 + -9 A 


(2.24) 


As in the absence of flux, the deformed constants satisfy the condition A + 1 2 = 1- I 2 ! The 
Hamiltonian including the contribution from the NS-NS flux can also be written now using 
the deformed Uhlcnbeck constants and the integrals of motion v l , 

2 . i 

-q 2 (oj1 — co 2 ) — qujiv 2 . (2.25) 


H = \t. h 2 t+ l -. 2 ] + lj '" 2 


i =1 


3 Spinning strings in S 3 


In this section we will construct general solutions of the Neumann-Rosochatius system 
in the presence on NS-NS flux corresponding to closed strings spinning in S 3 with two 
different angular momenta. A convenient way to analyze this problem is to introduce 
an ellipsoidal coordinate [27] , The ellipsoidal coordinate ( is defined as the root of the 
equation 

r 2 r 

2 Note that if we had included the parameter c in the Lagrangian the Uhlenbeck integrals of motion 

would have satisfied also this constraint because c can be absorbed in the Vi integrals of motion. 


, ,2 
U) 2 


= 0 . 


(3,1) 
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If we choose the angular frequencies such that uq < u 2 the range of the ellipsoidal coordi¬ 
nate is ojf < C < ca 2 . Now we could enter ( directly into the equations of motion to find 
the second order differential equation for this coordinate. Instead we will follow [24] and 
use the Uhlenbeck constants to reduce the problem to a first order differential equation. 
In order to do this we just need to write the Uhlenbeck integral in terms of the ellipsoidal 
coordinate. This is immediate once we note that 


{fir2 - r 2 r[) = 


c 


/ 2 


4 (wf-C)(C-w|) • 

When we solve for (' 2 in the deformed Uhlenbeck constant (12.241) we conclude that 


(3.2) 


C' 2 = - 4 P 3 (C) , 


(3.3) 


where P 3 (C) is the third order polynomial 

P 3 (C) = (1 - q 2 )(c - ^ 1 2 ) 2 (C - wf) + (C - W?)(C - "DH - <4)h 

3 

+ (C - ^i 2 ) 2 ^2 + (C - ^2) 2 (ti + 9^2) 2 = (i - q 2 ) n(C - Ci) • (3-4) 

i =1 

This polynomial defines an elliptic curve s 2 + P 3 (C) = 0. In fact if we change variables to 

C = C 2 + (C 3 — (2)v 2 j (3-5) 

equation (13.3|) becomes the differential equation for the Jacobian elliptic cosine, 

v ' 2 = (1 - q 2 m - Ci)(i - '/ 2 )(1 - « + ^ 2 ), (3.6) 


where the elliptic modulus is given by n = (C 3 — C 2 )/(C 3 — Ci)- The solution is thus 

77(a) = cn(a v / (l - q 2 )( Cs - Ci) + <?o, k) , ( 3 . 7 ) 


with a 0 an integration constant that can be set to zero by performing a rotation. Therefore 
we conclude that 


r 1 a = 


C3 ~ ^1 . C2 — C3 


, ,2 . ,2 

CU 2 UJi 


+ 


, ,2 , ,2 

UJ 2 CJ 1 


sn 2 py(l - 9 2 )(C 3 - Cl), «) 


( 3 , 8 ) 


We must stress that we need to order the roots in such a way that to make sure that 

the argument of the elliptic sine is real. We also need ( 2 < C 3 to have n > 0, together with 
Ci < C 2 to keep hi < 1. Furthermore, imposing that (13.81) must have codomain between 0 
and 1 demands ca 2 < C 2,3 < Note that this restriction does not apply to Ci- This is 
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a solution of circular type. □ The periodicity condition on the radial coordinates implies 
that @ 

7r \/( 1 - <? 2 )(Cs - Ci) = uK(k) , (3.9) 


where we have used that 2K(/t) is the period of the square of the Jacobi sine, with K(/t) 
the complete elliptic integral of the first kind and n an integer number. We can use now 
equation (13.81) to write the winding numbers ?rq in terms of the integration constants v t 
and the angular frequencies uq. From the periodicity condition on aq, 


p 27T p2iz 

2tu1i\ — I a[da — I 

Jo Jo 


we can write 


Inserting 


m 1 + qu 2 


r 2ir 


v \ . r|\ 

-2 + qu) 2 ~7 da , 

(3.10) 

r [ r | J 


da 1 

(3.11) 

27r r\ 


v x + qu 2 J 

in this expression and performing the integration we find 


mi + qcu 2 = 


{vi + qu 2 )(v 2 - w i) tt ( Cs - C 2 


(Cs - W 2 )K(k) 


n 


Cs 


U! 


2 ’ 


K 


(3.12) 


where fl(a, 6 ) is the complete elliptic integral of the third kind. In a similar way, from the 
periodicity condition for a 2 , 


2nm 2 




~ da , 


we find that 


that we can integrate to get 


m 2 + qu 1 
v 2 


[ 2 * dal_ 

Jo 2 ^’ 


m 2 + qui 


^2(^2 ~^l) TT 

(cu 2 - Cs)K(«) 


C 3 ~ C 2 
o; 2 2 - Cs 



(3.13) 


(3.14) 


(3.15) 


We can perform an identical computation to obtain the angular momenta. From equation 
(ESP we get 

■J\ 2 2 f 27T da 2 , s 

-j= + qv 2 -q- J —r\ , (3.16) 

3 In the absence of R-R flux and setting the 1 \ integrals to zero, this choice of parameters corresponds to 
solutions of circular type when I\ is taken as negative, or solutions of folded type when I\ is positive 1241 . 

Where are four cases in which we have to alter this periodicity condition. When either vi + qu} 2 = 0 or 
v 2 = 0 the condition becomes |yql — < 7 2 )(C 3 — Cl) = n K(k) because of changes of branch when we take 
the square root of (13.81) . The two remaining cases correspond to the limit £3 — 1 ► £ 2 , which is the constant 
radii case, and to the limit k —> 1, where the periodicity of the elliptic sine becomes infinite. In both cases 
there is no periodicity condition. We will discuss these two limits below in this section. 
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and therefore 


Ji wi(l-g 2 ) 


CUo — OJt 


C 3 — — (C 3 - Ci) (1 


goo 

K(k) 


qv 2 + q to 1 • 


(3.17) 


with E(/c) the complete elliptic integral of the second kind. As before, (j2.17(1 implies 


J‘ 


-2t r 


da 


+ gvi - = w 2 (i ~q) J ^ r 2 , 


and thus after integration we conclude that 


J 2 _ <n 2 ( 1 - g 2 ) 
VA“ 


w 2 — C3 + (C3 — Cl) ( 1 — 


E(«) 

K(«) 


— gni + qrn 1 . 


(3.18) 


(3.19) 


These expressions for the angular momenta can be used to rewrite the first Virasoro 
constrain (I2.13p as 

oo 2 Ji+ooiJ 2 =\f\{coiOJ 2 J rqoJifhi) . (3.20) 


In principle we could now employ these relations to write the energy in terms of the 
winding numbers fhi, the angular momenta Ji and the Uhlenbeck constants. The first step 
to achieve this is to express the energy in terms of the frequencies uy and the constants v t . 
Then we need to write the w, in terms of the angular momenta using relations (13.17ft and 
(13.19ft . However solving these equations for arbitrary values of q is a very involved problem 
and we will not present a discussion on it here. Instead in the following subsection we will 
focus on the only case where a simple analysis is possible which is that of pure NS-NS flux. 


But before exploring our solutions in the regime of pure NS-NS flux we will discuss an 
important limit where they can be reduced to simpler ones. It corresponds to the choices 
of parameters that make the discriminant of P 3 (£) equal to zero. Our hierarchy of roots 
implies that there are only three cases able to fulfill this condition. The first corresponds 
to solutions with constant radii, where C 2 = ( 3 - These solutions were first constructed 
in p3J and later on recovered by deriving the corresponding finite-gap equations in [18] 
or by solving the equations of motion for the flux-deformed Neumann-Rosochatius system 
in [25]. The second case corresponds to the limit k — 1, which is obtained when Ci = ( 2 - 
These are the giant magnons analyzed in nu for the v 2 = 0 case and in [15] for general 
values of v 2 (giant magnon solutions were also constructed in [IT] HE]). We must stress 
that in this case the periodicity condition cannot be imposed because the elliptic sine has 
infinite period and the string does not close. Also factors ^/(l — g 2 )(C 3 — Ci)/ n K( K ) which 
had been canceled in the expressions for the angular momenta and windings do not cancel 
anymore. The third case corresponds to setting Ci = C 2 = C 3 an d cannot be obtained 
unless we have equal angular frequencies, 001 — co 2 . 



















3.1 Solutions with pure NS-NS flux 


The cubic term in the polynomial is dressed with a factor 1 — q 2 . Therefore in the 

case of pure NS-NS three-form flux the degree of the polynomial reduces to two and the 
solution can be written using trigonometric functions. In this limit [f| 

C' 2 = -4 P 2 (C) , (3.21) 

with P 2 (C) the second order polynomial 

P 2 (C) = (C - ^ 2 )(C - coDicol - u 2 )h + (C - co^v 2 

+ (C - + u; 2 ) 2 = (u 2 (C - Ci)(C - C 2 ) , (3-22) 

where oj 2 is 

ui 2 = (c o 2 — coDh + (ui + ca 2 ) J + v 2 . (3.23) 

The solution to equation (13.211) is given by 

C(o0 = C 2 + (Ci - C 2 ) sin 2 ( ujct ) , (3.24) 


where we have set to zero an integration constant by performing a rotation. Therefore 


ri(a) = 


C 2 


U! 


LOo 


j 2 ~ 02 J uj 2 — uj 1 

Periodicity of the radial coordinates implies that 00 must be a half-integer number, 
relation between the winding numbers fhi and the constants Vi and the frequencies ay is 
now rather simple. The periodicity condition for the angles implies 
(vi + o; 2 )(o ; 2 - u 2 ) cj(ui + cu 2 )(u ; 2 - cj 2 ) 


1 . (1 — (2 . 2 , \ 

I—o-^ sm (a;cr) . 


CUn 


OJi 


(3.25) 


0 


The 


mi + u 2 = 


m-2 + — 


\[P, 


2{Ul) 


= casgn(ui + u 2 ) , (3.26) 


K 2 -Ci)K-C 2 ) 

u 2 ( a — u 2 ) uv 2 (uj 2 — a j 2 ) 

(4 - CM4 - d) v^K 2 ) 


= u sgn(u 2 ) . 


(3.27) 


5 We can also take the limit directly in equation (Id.711 if we take into account that £1 goes to minus 
infinity when we set q = 1. In this limit the elliptic modulus vanishes but the factor (1 — q 2 )Ci in the 
argument of the elliptic sine remains finite and we just need to recall that sn(x, 0) = sinx. 

6 An important exception to this condition happens when w = J + m 2 , which is a solution even if it is 
not a half-integer. This value corresponds to the case of constant radii, where [25] 


h = - 


2(vi + U) 2 )v 2 


Jl = - 


m 2 J 


m 2 — m 1 


Ji = 


m\J 
mi — fh 2 


E = J — mi . 
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From the definition of the angular momenta we find 


A 

A 


(Ui - v 2 , 


J 2 _ 

—= = m x - Vi . 

v A 


(3.28) 


We can now write the energy as a function of the winding numbers and the angular 
momenta. A convenient way to do this is recalling the relation between the energy and 
the Uhlcnbeck constant. If we assume that both v\ + uj 2 and v 2 are positive (the extension 
to the other possible signs of v\ +oj 2 and v 2 is immediate) and we combine equations (I2.25ji 
and (I3.23P we can write 


E w — A (oj -fi c cq — 0 J 2 — 2v\Uj 2 — 2v 2 lo\^ . 


(3.29) 


and thus using relations fl3.26p - 03.28p we conclude that 

E 2 = A ml + (2\/A J\ — A(tu — m 2 )) (c 0 — m 2 ) + 2\/A J 2 (w — rhi) . (3.30) 


Now we can use the Virasoro constraint 02.131) to write 


(J — — m 2 ) J(mi — u) + \/-\uj((jU — m 2 ) 

■J 1 = -r-v- , J 2 = —-r-r- 


(3.31) 


m 1 — m 2 m 1 — m 2 

where J = J\ + J 2 is the total angular momentum. Replacing these expressions in 03.301) 
we obtain the energy as a function of the winding numbers and the total momentum, 

E 2 = A (ml — ml + Au>fh 2 — 3cn 2 ) — 2VX/(mi + m 2 — 2uj) . (3.32) 


4 Spinning strings in AdSs 

In this section we will analyze the case where the strings are spinning in AdS 3. We will 
include no dynamics along S 3 so that the conserved charges of the solutions in this section 
will be the energy and spin. We will therefore choose the ansatz 

W + iY 0 = z 0 (a) A (r ’ ff) , Yi + iY 2 = Zl {a) , (4.1) 

where the angles are chosen as 

4> a (r , a) = w a r + /3 a (a) , (4.2) 

with a = 0,1. In this case periodicity requires 

z a (cr + 2n) = z a (cr) , /3 a (cr + 2n) =/3 a (cr) + 2nk a . (4.3) 
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When we enter this ansatz in the world-sheet action in the conformal gauge we find 


J AdSi 


4:71 L' 


ab 


(z' a z' b + z a z a /3 b - z a z a w 2 b ) - ^ ( g ab z a z b + l) -2qzl(w 0 /3[ -wiP' Q ) , (4.4) 


where we have taken g = diag(—1,1) and A is the Lagrange multiplier needed to impose 
that the solutions lie on AdS 3 , 

z l ~ A = -1 . (4.5) 


The equations of motion for the radial coordinates are 


A = z oPo - z o w o - A ^0 , (4.6) 

z'l = ziP' 2 - Ziw\ - kz± - 2qzi(wo/3' 1 - wi/3' 0 ) , (4.7) 


and the equations for the angles 


Pa = 


u a + qzle ab w b 


g aa z 2 


(4.8) 


with u a some integrals of motion and £i 0 = +1. The Virasoro constraints now read 


'2 I 2/ q'2 I 2\ '2 I 2 / o'2 , 2\ 

z o + z o\Po + w o)~ z i + Z 1 (f3 1 +W i) , 

zlwx^ - zlw 0 /3' 0 = u 0 w 0 + uiWi = 0 . 


The energy and the spin are given by 

E = VA J A (z%w o - qzlP[) , 
S = VxJ ^ - qzfl3’ 0 ) . 


(4.9) 

(4.10) 


(4.11) 

(4.12) 


As in the previous section, in order to construct general solutions for strings rotating 
in AdS^ it will be convenient to introduce an analytical continuation of the ellipsoidal co¬ 
ordinates. The definition of this coordinate g can be directly borrowed from the definition 
for the sphere with a change of sign, 


= 0 . 


(4.13) 


[i — w{ g — w 5 

If we order the frequencies such that W\ > Wq the range of the ellipsoidal coordinate will 
be w\ < g. Now we can again make use of the LIhlenbeck constants to obtain a first order 
differential equation for this coordinate. In the case of the Neumann-Rosochatius system 
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in AdS 3 the Uhlenbeck integrals satisfy the constraint F\ — F 0 = —1, and thus we are 
again left with a single independent constant. To obtain the deformation of, say, iq by 
the NS-NS flux we can proceed in the same way as in section 2. After some immediate 
algebra we conclude that 


F\ — zf(l — q 2 ) H-2-2 

W( — Wq 


(» 1 4 -W + (<l, + r ) ‘ «? + 


U 


1*2 
2 ~0 


(4.14) 


*0 *1 

The Hamiltonian can also be written now using the deformed Uhlenbeck constants and 
the integrals of motion u a , 

„ l 


hf — 'y ] \g aa w a F a rt a ] + 


quiWQ 


(4.15) 


a =0 


Now we need to note that 


(ziz'o - Zqz'a) = 




/2 


4 (h- ^i 2 )(h- Wo) 


(4.16) 


When we solve for // 2 in the deformed integral we find that 

/i /2 = —4Q 3 (fi) , 

where Q 3 (n) is the third order polynomial, 

QM = (1 - ? 2 )(h - ^) 2 (h - ^o 2 ) + (h - ^)(h - wl){wl - wDh 

3 

+ (// - ^i) 2 ( m o + <?wi ) 2 + (h - ^o ) 2 ^ 2 = (! - <? 2 ) - Ah) • 

i=l 


(4.17) 


(4.18) 


This equation is an analytic continuation of the spherical one, so we can write 

+-^—sn 2 (cr a /(1 - g 2 )(/i 3 - Hi),v) , 


WJ = 


AU - 

9 2 1 2 2 

— — Mg 


(4.19) 


where the elliptic modulus is v = (/r 3 — 7 ^ 2 ) /(/^3 — Ab)- As in the case of strings rotating 
in S 3 we must perform now an analysis of the roots of the polynomial. We need to choose 
/is > /ii to make sure that the argument of the elliptic sine is real, and /i 3 > ji 2 to have 
v > 0, together with /i 2 > ji\ to keep v < 1 . Furthermore the AdS 3 condition (14. 5 p implies 
that Zq > 1 which constrains /i 2 and fi 3 to be greater or equal than w\. This restriction 
does not apply to ji\. Note that this hierarchy of roots implies that not all possible 
combinations of the parameters Ui , Wi and F\ are allowed. The periodicity condition on 
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the radial coordinates now implies that Q 

71 V(1 - q 2 )M - /ii) = n'K(v) , 

with n' an integer number. From the periodicity condition on /3i, 

/»27T /»27r 


(4.20) 


2 'irk 1 = / j3[da = 

Jo Jo 


Ui 

4 


+ gu7 0 da , 


we can write 


k\ - gw 0 


-2tt 


Ml 


dcr 1 
27T ^ 


Performing the integration we find 


7 Ui(wl~wl) ( (1 3 - H 2 

k\ - qw 0 = - - TTWTTT ■ 11 I - 7T, V 


(n 3 - w\)K(u) \/i 3 — w\ ’ 

The periodicity condition for (3q implies that 


(4.21) 


(4.22) 


(4.23) 


r-2n 


27 rk 0 = 


/3' 0 da = [ (-^ + qw ) da 


i o 


2, 


0 


2, 


(4.24) 


Now we must recall that we are working in AdS 3 instead of its universal covering. The 
time coordinate should therefore be single-valued, and thus we have to exclude windings 
along the time direction. When we set k 0 = 0 equation (I4.24p becomes 


qw i 


f27T 


da 1 


m 0 + qw i 


/0 27T Zq ’ 


that we can integrate to get 


(u 0 + qwi){w\ ~Wq ( (jl 3 - 1-1-2 

QWi = -7- \ -n - 2 ,12 

h 3-< 


(4.25) 


(4.26) 


(/i 3 - wl)K(v) 

In the same way we can perform an identical computation to obtain the energy and the 
spin. From equation (14.111) we get 


E 2 2\ f 2n d' a 2 

+ qui - q w 0 = (1 - q )wo 


V\ 


2tt 


o > 


and thus 


E 2 (1 - q 2 )w 0 

—7= = q Wo — qu\ + 

V A 


h3 - W 2 0 - (/X 3 “ Hi) 1 - 


EM 

KM 


(4.27) 


(4.28) 


' Again there are four different cases where this condition must be modified. When either uq + qw\ = 0 
or Mi = 0 the periodicity condition becomes § ^/(l — <? 2 )(/i 3 — /n) = n ' K(z/) because of changes of branch 
when we take the square root of (14.1911 . The other two cases are the degenerate limits where there is no 
periodicity. 
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Repeating the same steps with (14.121) we obtain an expression for the spin, 



(4.29) 


and thus 



(4.30) 


These expressions for the energy and the spin can be used to rewrite the first Virasoro 
constrain (14. 10)) as 



(4.31) 


which is already a very closed expression. But what we want is a relation involving only 


E, S and k\. As in the case of strings spinning in S 3 , obtaining this relation for arbitrary 


values of q is again a lengthy and complicated problem and we will not discuss it here. 
We will consider instead in the following subsection the case where a simple treatment is 
possible which is the limit of pure NS-NS flux of the above solutions. 

To conclude our discussion we are going to briefly discuss the choices of parameters 
that make the discriminant of Qz(li) equal to zero. As in the previous section, there are 
only three possible cases where the discriminant vanishes. The first is the constant radii 
case, where p 2 = P 3 - However this limit is not always well defined. The second case 
corresponds to the limit n = 1 and it is obtained when pi = p 2 - In this case there is 
no periodicity condition because the elliptic sine has infinite period and thus the string 
does not close. Also the factors ^/(l — g 2 )(p 3 ~ Pi)/nK(z/) do not cancel anymore in the 
expressions for the energy, the spin and the winding number. The third case corresponds 
to pi = P 2 = p3 and requires setting wq = W\. 

4.1 Solutions with pure NS-NS flux 

As in the case of strings rotating in S 3 , in the limit of pure NS-NS three-form flux the 
above solutions can be written in terms of trigonometric functions. Now (14.171) reduces to 


p 


,/2 


4<?2(p) , 


(4.32) 


with Q 2 (p) the second order polynomial 


Q 2 (p) = (p - wl)(n - Wq)Oo - w l) F 1 + 0 - ™l) 2 u{ 
+ (p - wl) 2 {u 0 + Wi ) 2 = - pi)(p - p 2 ) , 


(4.33) 
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where a/ 2 is 


(4.34) 


a/" = (wq - wf)F 1 + (w 0 + wi) 2 + u{ . 


Thus we conclude that 


2 / \ h2 Wq hi h2 . 2 / / \ 

Z n (cr) = —-~ H-5-~ Sin (cu C) . 

Wl~ Wq W( — Wq 


(4.35) 


The periodicity condition on the radial coordinates implies now that u>' should be a half¬ 
integer number. The frequencies w a and the integration constants u a are related to the 
energy, the spin and the winding number k\ by 


wi = u/sgn (w 0 + wi) , w' = (Aq - w 0 ) sgn(ui) , 

S = \Y\uo , E = \YX(w 0 — «i) = —S + VXw 0 . 

w 1 


(4.36) 

(4.37) 


Recalling now the Virasoro condition (14.9ft the spin can be written as 

(ifci - u'fu' 


S=y/\ 


2ki(2u}' — k\ 


while the energy is given by 


E = a/X 


k\ — 3 k\u' + kiuj' 2 + ta' 3 


(4.38) 


(4.39) 


2 k 1 {k 1 -2uj') 

We must note that we still have to impose a restriction on the parameters. This restriction 
comes from imposing that the discriminant of ( 32 (h) must be positive and taking the region 
in the parameter space with the correct hierarchy of roots. This condition can be written 


as 


|2(m 0 + Wi)ui\ < | Fi(w\ — Wq) I = |o/ 2 - (mo + Wi) 2 -m 2 | 
The inequality is saturated in the cases of constant radii. 


(4.40) 


5 Concluding remarks 

In this article we have found a general class of solutions of the flux-deformed Neumann- 
Rosochatius system. The solutions that we have constructed correspond to closed strings 
with non-constant radii rotating in AdS 3 x S 3 x T 4 with mixed R-R and NS-NS three-form 
fluxes. We have considered the cases where the string is rotating either in S 3 with two 
different angular momenta or in AdS 3 with one spin. The corresponding solutions can 
be expressed in terms of Jacobian elliptic functions. In the limit of pure NS-NS flux the 
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elliptic functions reduce to trigonometric functions. This reduction of the problem allows 
to write rather compact expressions for the classical energy of the spinning string as a 
function of the corresponding conserved quantities. 

The simplification in the limit of pure NS-NS flux is an appealing result already present 
in the case of the constant radii solutions studied in [25] . For the solutions that we have 
constructed in this article the reduction implied by the presence of pure NS-NS flux ap¬ 
pears as a consequence of the degeneration of the elliptic curve governing the dynamics of 
the problem. Furthermore, in this limit the theory can be described by a WZW model. 
It would be quite interesting to explore this limit in more detail and the relation of our 
approach to the solution of the WZW model. An important issue in this direction con¬ 
cerns the fate of the scattering matrix of the problem in the case of pure NS-NS flux. A 
complementary question for a better understanding of the quantum corrections to the spin¬ 
ning strings should come from the analysis of the spectrum of small quadratic fluctuations 
around the circular solutions. 

Another interesting question is the extension of our analysis to other possible defor¬ 
mations of the backgrounds of type IIB string theory. An engaging case is that of the 
//-deformation of the AdS$ x S 5 background |28j. This is a much more complicated prob¬ 
lem than the deformation by flux that we have studied in here, because the deformation 
comes from the breaking of the isometries of the metric down to the Cartan algebra. How¬ 
ever closed strings rotating in //-deformed AdS§ x S 5 have been shown recently to lead 
to an integrable extension of the Neumann-Rosochatius system [29]. It would be inter¬ 
esting to continue our analysis in this article to find general solutions of this //-deformed 
Neumann-Rosochatius system. 
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A Spinning strings in AdS% x S 3 with pure NS-NS flux 


In this appendix we will consider the case where the string is allowed to rotate both in 
AdS% and S 3 . We will restrict the analysis to the limit of pure NS-NS flux. As the pieces 
in the lagrangian describing motion in AdS 3 and S 3 are decoupled the equations for the 
corresponding coordinates are directly given by (12.9I) - (12.11I) and fj4.6p ~ fj4.8jl . The coupling 
between the AdS-j, and S 3 factors comes from the Virasoro constraints, 

2 


z o 2 + -o(A ) 2 + w o ) — z i + z i{Pi + w i) + ^ ( r i + r< i{ a i 2 + w i )) 5 (A.l) 


i —1 


2 

zlwi/3[ + ^2 r2u} i a i = z o w o/3'o • (A.2) 

i= 1 

The second Virasoro constrain can be rewritten as 


0 J 2 J 1 T o;ii/ 2 T W\E — uioS — V\ T WqW\ T . (A.3) 

With these relations at hand, together with equations (13.26j) . (13.27j) . (I4.36P and (I4.37p . 
it is immediate to write the angular momenta and the energy as functions of 00 , a/, the 
winding numbers mi, m2 and k \, and the spin S and the total angular momentum J. In 
the case where w 0 + k\ = — W\ = —a/ we conclude that 

Ji = [-kl(V\uj' + 2S) + 2k 1 {^Xuj' 2 + 2u} , S+(m2-u})(VXuj-J)) (A.4) 

+ A(m^ — 777-2 — UJ ' 2 + Uj2 ) — 2(7771 — 777 2 ) J)] /(2(7771 — 777-2) {k — 2u/)) , 

J 2 = [ &i(*\/Act/ + 2S') — 2 /c!(\/Au/ 2 + 2o/<S' — ?77iJ + u(VXrri2 — V\uj + J)) (A.5) 

— CU , (a/A( 7?7^ — Trig — CU' 2 + (U 2 ) + 2(777 i — 777 2 )J)]/(2(t?7i — 777 2 )(A:i — 2a;')) , 

E = [\/A(A; 2 + ?77 2 — (tt7 2 — 3u)(ffi2 — to)) — 2ki(2y/\u' + S) (A.6) 

+ a/(3\/Au/ + AS) — 2J(tt7i + ?77 2 — 2a;)] /(2(£q — 2a/)) . 
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If we choose iv 0 + ki = w± = a/ we find 

Ji = l~kl(V\uj'+ 2S) + 2k 1 (-V\u' 2 -2 oj'S+ (fh 2 -oj)(V\uj - J)) (A.7) 

+ to' [VX(fhl — ml — u >' 2 + Affi 2 UJ ~ 3oj 2 ) — 2(fhi + 7fi2 — 2u) J)] /(2ki(rhi — ffi 2 )) , 

J 2 = [kl(V\u'+ 2S) + 2ki( y V\uj' 2 + 2u'S + miJ — co(rri2 — co + J)) (A.8) 

— u)'(y/\(ml — ml — oj' 2 + Afn 2 u — 3 u 2 ) — 2{fh\ + m 2 — 2a;) J)]/ (2k\{fhx — m 2 )) , 

E = \V\{k\ + ml — (m 2 — 3u)(rh-2 — oj) — oj' 2 ) — 2kiS (A.9) 

— 2J(rhi + m 2 — 2a;)] / (2k\) . 


When we take the limit k\ —» 0, S' —> 0 and \/Aa;' —» E we recover the expressions from 
section 3 in both cases. In a similar way when we set to zero the angular momenta, the 
winding numbers and u we recover the analysis in section 4. We can also reproduce the 
solutions of constant radii analyzed in [25]. In this case, when Wq + k\ = — W\ the angular 
momenta are given by 


kiS + m 2 J 
■J\ — _ , 

kiS + miJ 

d '2 — _ , 

(A.10) 

m 2 — m 1 

mi — m 2 

and the energy reduces to 

E = -S±(J-V\m 1 ) . 

(A.ll) 

In the case where Wq + k\ = W\ the angular momenta are 

kiS + m 2 J kiS + fhiJ 

•h , d 2 , 

(A.12) 

m 2 — mi 

m 1 — m 2 

and the energy becomes 

E = S±J(J- 

Xrhi ) 2 — i'/XkiS . 

(A.13) 
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